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Abstract: A comprehensive study of coherent coupling of low-amplitude spatial solitons that co-propagate
in biased photorefractive crystals with both the linear and quadratic electro-optic effects was presented.
Our results were shown that coherently coupled bright-bright and dark-dark spatial soliton pairs in the low-
amplitude regime could be formed under appropriate conditions. The evolution equations, analytic
solutions and the expressions of soliton pair widths of these low-amplitude coherently coupled spatial
soliton pairs were obtained. It was proven that the existence, property and propagation of these soliton
pairs due to co-effects of both the linear and quadratic electro-optic effects was greatly influenced by the
photorefractive effects which could be enhanced, weakened or even counteracted because of the
interaction of these two electro-optic effects. Moreover, the effects of three physical factors, i.e., the
initial phase difference between two incident coherent beams, the intensity ratio and various external bias
field on the existence conditions, properties of these low-amplitude coherently coupled soliton pairs have
been discussed in detail. Finally, the self-deflection of low-amplitude bright-bright soliton pairs had also
been investigated by means of perturbation procedure.
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0 Introduction

In recent two decades, photorefractive (PR)

spatial solitons have been extensively investigated
because of their unique features of formation at low
laser power (typically of the order of a few mW) and
important potential applications for all-optical switching
and routing, and so on''!. Besides the formation and
of PR

between spatial solitons have also been at the front of

properties spatial solitons, the interactions
current research. Amongst soliton interactions, soliton
pairing is always a quite appealing issue. Research
have shown that two incident beam will trap mutually
in the PR materials under the influence of the
nonlinear refractive-index modulation and then each of
them propagates undistorted, i.e., coupled spatial
soliton pairs form. Note, every component of coupled
spatial soliton pairs depends on each other and each
beam alone cannot survive as a soliton if the other
beam is absent. In 1996, Christodoulides et al. firstly
predicted incoherently coupled screening spatial soliton
pairs™ and Chen et al. observed these soliton pairs

experimentally * ]

. Soon later, Hou et al. presented
that incoherently coupled multiple bright, dark and
dark-bright  hybrid

families can be supported in biased photovoltaic PR

screening-photovoltaic  soliton
materials®®. In addition, the interactions between other
types of PR spatial solitons resulting only from the
linear or quadratic electro-optic (EO) effect have also
been widely studied™ ™. In recent years, spatial solitons
and incoherently coupled soliton families (or soliton
pairs) can exist in biased PR crystals involving both
the linear and quadratic EO effects in steady-state

regime!®™),

8T 454
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Given the above, the incoherent interaction of
spatial solitons has already been widely concerned,
whereas researches regarding the coherent interaction
are relatively few. Even in the research field of
coherent interactions, much attention has been paid to
the coherent coupling of beams that propagate non-
collinearly in PR materials, and most works are based
on the experimental methods. In this paper, we
investigate theoretically the existence and properties of
the low-amplitude coherently coupled soliton pairs
which propagate collinearly in biased PR crystals with
both the linear and quadratic electro-optic effects.
Moreover, the effects of the intensity ratio, the initial
phase difference between two coherent incident beams
and various external bias field on the existence
conditions and characteristics of these coherently
coupled soliton pairs will be discussed in detail. At
the last part, the self-deflection of low-amplitude
bright-bright soliton pairs will be analyzed by using

perturbation procedure.

1 Theoretical model

We consider two mutually coherent low-
amplitude incident beams that propagate collinearly
along the axis in biased PR crystal with both the
linear and quadratic EO effects which is put with its
principal axes aligned with the x, y and z directions of
the system. The polarization of coherent incident
beams and an external bias electric field are both
assumed to be parallel to the x—axis. For simplify,
only the x—axis diffraction is taken into account. The
optical fields of two low-amplitude coherent incident

beams are expressed as the slowly varying envelopes,

ie., Em(x,z)wz eu(x,2)expli(kz+¢,)](m=1,2), ¢, represent
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the initial phases of two coherent incident beams, k=
ko.=(27/A)n, with n, being the unperturbed index of
refraction and A, the free-space wavelength. Under
these conditions, the two coherent beams satisfy the
following equations!:

Sttt A - _
Yoz Tok o2 Tm O 0.x,2)=0, m=1,2 (1)

where the change of nonlinear refractive index An is
governed by

3 3 2 2
_n,reEe  n,gag, (6-1)E,

An=
" 2 2

(2)

where r3 and g are linear and the effective quadratic
EO coefficients of PR crystal, respectively. & and &,
are the vacuum and relative dielectric constants,
respectively. E. is the space-charge field in the
material. Under a strong bias field condition, the drift
effect will be dominant, thus £, can be approximately

expressed as™:

Iac+[h+[d _ kBT 0l/dx (3)
I+1+1, e I+1+1,

E.=E,
where [, is the intensity of dark irradiance which is
defined as I,=B/s with B being the dark generation
rate and s the photoionization cross section of the
photorefractive crystals. [, is the intensity of the
background beam, and if the background beam is not
taken into account, its value is zero. I=I (x,2)=(n./271)*

2
2

2 e

k=m

(

) is the total intensity of two incident beams

with 1=/ &) "2 Ey=E.(x—=x%,7) and [.=[(x—+%,7)
represent the space charge field and the total intensity
for x —=*ow, respectively. In most cases, E, is
approximately equal to +V/W, where V is the applied
external voltage and W is the x —width of the PR
crystal.

The normalized evolution equations can now be
obtained by submitting Egs.(2) and (3) into (1). For

convenience, we adopt the following dimensionless
parameters: §=z/kxi, s=x/xo, @.=[2n(L+1,)/n,1"U,(m=

1,2). x, is an arbitrary spatial width. Under these

conditions, the envelopes U, are found to obey

2
;0U, 19U, _

Bi(1+p)
9E 2 9s 7 Unt

2
.U,

m=1

1+

2,

|

2
z Um 2
Y- e 32{ U.— Biltp) 2 2 Ut

2

> u,

m=1

2

> U,

m=1

1+ 1+

I

‘)/3 \‘ . 2 [Jm:O’ m:]-a2 (4)

|

2
1+

Un
1

m=

where, B =(ky)n . reEo/2, Y=k, xo, reksT/2e, Br=
5 4 2 5 2 2 4 2
(koxo)’n, gewe, (6~1)°E /12, p=L./(I+1,), 2=k, X, &&, *

(6~1(kiDE e, yimkyn, gassy x(5~1)(ksT)2¢"

For simplicity, any loss effects have been

neglected in our analysis. Note, the higher-order
diffusion term of the PR <, is quite small and will be
omitted in the our analysis for E,>10*V/m.

In the case of the low-amplitude case (i.e., p<<1

2

<), Eq.(4) is equivalent to

9U, .1 U,
oE T ag TRUFPIL- ZIU )Um+
‘ ) 2y 2,
%(1— Y v, )( Y v, ) U,
\ m=1 IV m=1 s
; R 2
B(+p* 12| Y v, | |Unt
m=1 /
| 5 2 5 \
72(1—2 > U, ) > U, ) U,=0 (5)
| m=1 f V] om=1 I's

Under strong bias conditions, the diffusion effect
can be neglected, i.e., ¥, =7 =0, then Eq.(5) is

reduced to
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iaUm +L 92U, —B1(l+p)(1_ i U )U ~ Axy=— 2v71n(2v 2 +1) . (9)
& 2 98 -l kor, {[reEot28ae, (8~1)E, Ir}"
‘ ) 2, Quite different from the cases investigated
2 —
B(1+p)" 1-2 2_], Uy | |Un=0 (6) previously, the low-amplitude bright-bright soliton pair

which is a modified nonlinear schrodinger equation

(NLSE) and can be solved analytically.

2 Results and discussions

In what follows, we will present low-amplitude
coherently coupled bright-bright and dark-dark soliton
pair solutions in the steady-state regime. The existence
conditions and properties of these soliton pair will be
discussed in detail.

2.1 Low-amplitude coherently coupled bright-
bright soliton pair

For bright-bright soliton pair, /1(0)=l, p=I./(l,+
1,)=0 and then the Eq.(6) can be reduced to

2.

9U, .1 .U, R
m L. ‘m — _ Um_
ol Ty e TR mz; Un
| 5 2
BZ 1-2 2 Um Um:(), m=1,2 (7)
| m=1

To obtain the low-amplitude coherently coupled
bright-bright soliton pair solution, we assume U, (s,§)=
r:nuy(s)exp[i(v§+¢m)](m=l,2) where v represents a
nonlinear shift of the propagation constant, ¢, denotes
the initial phase of two coherent beams. r,, are defined
as 1,=Lu/ (I,+1)=1,(0)/(I,+1;). y(s) is a normalized
real function and satisfies y(0)=1, y'(0)=0, y(s—x0)=
0 and all the derivatives of y(s) are zeros when s—=*.

Substituting the expressions U, into Eq.(7), we get
Up(s.&)=r, sech{[(Bi+2B)r]"*s}x
exp{i{[(r/2-D)B+(r-D)R1é+ .1} (8)
where r=r+r+2(riry)*cosA¢ with Ap=¢d,—¢, being the
phase difference between two coherent incident
beams. By Eq.(8), it is easy to see that the existence
condition of the bright-bright soliton pair is (3;+2[3,>0.
Moreover, the intensity FWHM can be obtained

directly

in our analysis can also exist when f3,8,<0 so long as

Bi+23,>0 is satisfied. Further, the two components of

soliton pair can also be obtained by Um(s,.f):ri:zy(s)-
expli(vé+¢,)],m=1,2.

To illustrate our results, we take PMN —0.33PT
single crystal which shows maximal transparency, very

good optical clarity and low propagation loss for

example. The parameters of PMN— PT are g=geﬁsz (&—
1)’=1.36x107"°m* V>, n,=2.562, ry=40x10""m/V=21,
Other parameters are adopted as Ay=632.8 nm, x,=
40 pm, r=0.01.

Figure 1 depicts the intensity profiles of soliton
components of low-amplitude coherently coupled
bright-bright soliton pair components for Fig.1(a) A¢p=
w/4 and Fig.1(b) A¢=m/2 when r/r=2, E=2x10°m/V.
Based on the above parameters, we get [3,=27.18 and
B.=18.53. The FWHMs of bright-bright soliton pair
are 39.34 pm and 50.79 pm, respectively. Obviously,
the phase difference A¢ has an impact on the widths
of soliton pair. Besides A¢, for coherently coupled
soliton pair which propagates collinearly, the soliton
pair width Ax is also closely connected with both the
intensity ratio of two coherent beams r,/r; and external
electric field E,. Figure 2 shows the dependence of Ax
on A¢ with different r,/r, in the case of the same E,,
and Figure 3 depicts the widths Ax versus A¢ with

the same r,/r, under different E, conditions.
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Fig.1 Intensity profiles of soliton components of the low-
amplitude coherently coupled bright- bright soliton pair
for (a) A¢=m/4 and (b) Adp=m/2 when r/r=2,
E=2x10°m/V
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Fig.2 Curve of the low-amplitude coherently coupled bright-bright
soliton pair width Ax versus A¢ under different

r,/r, conditions for E=2x10°m/V
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Fig.3 Width Ax of low-amplitude coherently coupled bright-bright
soliton pair versus A¢ under different E, conditions

for r/r=0.8

From above two figures, it is evident that the
width always increases as A¢ rises, the reason for
this kind of trend appeared is that the value of
decreases monotonically with ascending of A¢ in the
range of O—m which can be obtained easily by r=r+
ro+2(riry)*cosA¢, so in the low-amplitude region Ax

will always increase when r goes down. Moreover, Ax

decreases with ascending of » and E, when A¢ is kept
constant. Figure 4 illustrates the dependence of Ax on
ro/r, for E;=2x10° V/m under different A¢ conditions,
from which we can see that when A¢ is far away
from m the width Ax is slightly affected when ry/r
rises. However, when A¢ is close to w or even A¢=m,
the dependence of Ax on r/r, rapidly goes down
when r/r; goes up. Obviously, the results shown in

Fig.4 are consistent with that of Fig.2.

150

1001

Ax/pm

0
v

1.5 2.5 35 45
rlr,

Fig.4 Width Ax of bright-bright soliton pair versus r/r,
for E)=2x10°m/V

2.2 Low-amplitude coherently coupled dark-dark

soliton pair

The case of dark-dark soliton pairs can be
analyzed in a similar fashion, except I. and p are
finite quantities now. Let U,,z(s,g):p:n/zy(s)exp[i(v§+
b1, m=1,2 with p,=Lu!/(L,+1;)=1,./(I,+1;). Here the
parameters v, ¢, are the same as the bright-bright
soliton pair. y(s) is a normalized odd function bounded
between 0 <Iy(s)I<1, i.e., y(0)=0, y(s—xx)=+1,
and all the derivatives of y(s) are zeros when s—+%.
Substitution of the latter U, into Eq.(6) yields
Un(s,9=p, tank{{~[B(1+p)+2B,(1+p)"]p} s} -

exp{i{[-Bi(1-p)+B:(1+p)*2p-D]1é+ .} } (10)

where p=p,+p:+2 (pip2)"?cos (¢ — ). Obviously, the
existence condition for dark-dark soliton pair in the
low-amplitude case is B;+2f3, (1+p)<0. The intensity
FWHM can be directly given by
f— 2\/Efin§\/§7+l) : (a1

ko, {[rs(1+p)Evt2gue, X(6-1)"(1+p)°E, 1 p}

Similarly, the signs of 3, and 3, can be different

S106006—-5
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as long as 3,<—2f, which also is different from the
previous cases (where 3,<0 is the necessary condition
for dark solitons due to linear EO effect or ;<0 for

quadratic EO effect). Then soliton components of dark-

dark soliton pairs can be obtained by Um(s,g-):p]m/zy(s) .
expli(vé+d,)], m=1,2.

Figure 5 illustrates the intensity profiles of the
low-amplitude dark-dark soliton pairs for Fig.5 (a)
A¢p=0, and Fig.5(b) Ad=m/2 when p,/p,=1.5 and
E, =—1 x10° V/m. The FWHMs are 115.73 pm and
156.51 pm, respectively. Figure 6 shows the dependence
of Ax on A¢ for p/p=0.6, 1.6, 2.4 and E,=—1x10°V/
m, from which we can see that Ax increases slowly
when A¢ is small and then increases rapidly when
A¢p—m. But beyond that, Ax always decreases with
po/p, whether A¢ is far away from mr, close to  or
even A¢=m. Besides, when A¢ approaches to 7 the
value of p will be lower if p/p,—1, so in this case

Ax is very large, as shown in Fig.7.

0.030

(a) -----"\. — T
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Fig.5 Intensity profiles of soliton components of the dark-dark
soliton pair for (a) A¢=0 and (b) Ad=m/2 when
p/ pi=1.5 and Ey=—1x10°V/m
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Fig.6 Width Ax of the low-amplitude coherently coupled
dark-dark soliton pair versus the initial phase
difference A¢ for E;=—1x10° V/m with p,/p,

chosen as 0.6, 1.5 and 2

250
— Ap=0
SR "
200F —me Ap=31/4
————— Ae=97/10
g 150F 8]
2 “
< 1001 o
50
o 2 3 n 5

Fig.7 Width Ax of coherent coupled dark-dark soliton pair versus
the intensity radio p/p, for E;=—1x10° V/m with different
four A¢

2.3 Self-deflection of the low-amplitude coherently
coupled bright-bright soliton pair
The self-deflection effect can be systematically
studied by using perturbation procedure. Since the
evolution of soliton beam under the action of diffusion
we make the

process is approximately adiabatic,

following ansatz:

Unls.=r, yls+a(&xexpli{véra(Dls+q(H]+

o(§)}+ ) (12)
where U,,,(s,f):r:,/2 y(s)exp[i (vé+¢,)] is the steady-
state low-amplitude bright-bright soliton pair solution
when y,=7,=0, and g(&) represents a lateral shift in the
position of the beam center, w(§) is associated with the
angle between the central wave-vector of the beam
and the propagation ¢ axis, and o(§) is a phase factor
permitted to vary during propagation. After a straight-

forward calculation, we arrive at

S106006—6
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K\(r)=K,'(r)=—2/15
Ky (r)=K,' (r)=—4//15 (13)
Then w(&), q(§), o(&) can be expressed as
(§)=-8(1+7)(Bi+2B.)r*E/15
q(O)=A(y+7)(Bi+2B,) PE/15
o(§)=8[2(y+y)(Bi+2B:)r*/15]1°E/3 (14)
The lateral and angular deflection x, and 6, in

the low-amplitude region can then be obtained from

) 3 3
xd=—14—5 P{ (ko )2 (ksT/4e) Eot(kon )2+

2 3 3 2 .
r?ﬁgeﬁg() (81‘_]-)2(kBT/e)E() +[k()7’le geff80 (81'_]-)2]2 °
(ksT/e)E, 122 (15)

9d=_% { (korganj )z(kBT/‘LE)Eﬂ"'(kmj )

2 . 2 3 2 s
r&‘%gcffg() (87_]-)2(kBT/e)E() +[klne gcff80 (Sr_]-)z]z °

(ksTle)E, )z (16)

From Egs.(14) and (15), it is easy to obtain that
the center of soliton pairs follows a parabolic trajectory,
whereas the central spatial frequency component shifts
linearly with the propagation distance.

In Fig.8, we provide the curve of spatial shift x,
for the low-amplitude bright-bright soliton pairs with
different r,/r, when E,=1x10° V/m, from which we
can see that x, increases with the increase of r./r, in
the low-amplitude region. Figure 9 depicts the
dependence of x, on A¢ at different three values of 0,
/4, w2, it is easy to see that x, decreases as A¢
rises. The explanation of this could be that |K(r)l

increases as r increases and decreases as r decreases.

0
0 —T

=0.8
=1.5

1
=2

S-S
r.ir,
rlr

-50}

%% 5 10 15 20 25 30 35 40
z/mm
Fig.8 Evolution of the spatial shift x, obtained from the perturbation
procedure for the low-amplitude bright-bright soliton pairs

when E;=1x10°V/m, A¢=m/4 with different value of r/r,

-10r ~
_20_
g
= —30
L
40_
s =l
-50F ----Ae=n/4
——=-Ao=n/2
-60 E ; g : : v :
0 5 10 15 20 25 30 35 40

zimm
Fig.9 Evolution of the spatial shift x, obtained from the perturbation
procedure for the low-amplitude bright-bright soliton pairs

when E;=1x10°V/m, r,/r,=1.5 and A¢p=0, w/4, w/2

3 Conclusions

In conclusion, the existence of the low-amplitude
coherently coupled bright-bright and dark-dark spatial
soliton pairs propagating collinearly in biased PR
crystal with both the linear and quadratic EO effects
are proved theoretically. It is found that these soliton
pairs owe their existence to both the linear and
quadratic EO effects in the meantime. The evolution
equations, existence conditions, analytic solutions and
properties of these soliton pairs have been discussed in
detail. It is found that the intensity ratio ry/r, (or pJ/p),
the phase difference A¢ between two incident low-
amplitude coherent beams and various electric fields
have a major influence on the soliton pair widths Ax.
Our results show that the widths Ax, (or Ax,) of
bright-bright (or dark-dark) soliton pairs in the low-
amplitude region increases slowly as Ad¢ rises when
the value of A¢ is not too close to . Moreover, Ax,
(or Ax,) always decreases when the intensity ratio ry/r,
(or p/p1) and E, goes up. However, if r/r, (or p/p;)
approaches to 1, Ax, (or Ax,) increases rapidly with
increasing of A¢ when A¢p —m or even A =m.
Finally, the self-deflection of bright-bright soliton

pairs have been investigated by exploiting the
perturbation procedure. It is shown that the center of
soliton pair follows a parabolic trajectory, whereas the
central spatial frequency component shifts linearly with
the propagation distance. The spatial shift x, of the

low-amplitude bright-bright soliton pairs increases with
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the increase of r/r; and decreases as Ad rises.
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